Graded Artinian rings can be regarded as algebraic analogues of cohomology rings (in even degrees) of compact topological manifolds. In this analogy, a free extension of rings corresponds to a fiber bundle of manifolds. For rings, as with manifolds, it is a natural question to ask: to what extent do properties of the base and the fiber carry over to the extension * Keywords: Artinian algebra, coinvariant, free extension, Hilbert function, invariant, Jordan type, Lefschetz property, reflection group, tensor product. 2010 Mathematics Subject Classification: Primary: 13E10; Secondary: 13A50, 13D40, 13H10, 14C05, 14L35, 20F55. 1 ring? For example if the base and fiber both satisfy a strong Lefschetz property, can we conclude the same for the extension? Or, in the Gorenstein case, what is the relationship between the Macaulay dual generators for the base, the fiber, and the extension? We address these questions using certain relative coinvariant rings as a prototypical model. We show in particular that if the subgroup W of the general linear group Gl(V), V a vector space, is a non-modular finite reflection group and K ⊂ W is a non parabolic reflection subgroup, then the relative coinvariant ring R K W does not satisfy the strong Lefschetz property. We give many examples, including those of relative coinvariant rings with non-unimodal Hilbert functions, and pose open questions.
V. Then W acts on R by ring automorphisms via the usual prescription w · f (v) = f (w −1 (v)). The set of polynomials in R invariant under this action forms a subring R W . Let h W ⊂ R be the ideal in R generated by invariant polynomials of strictly positive degree: we define the coinvariant ring to be the quotient ring R W = R/h W (which we will denote by C). It is a classical fact that R W is a standard-graded Artinian ring for any such group W. For any subgroup K ⊆ W, we denote by B = R/h K the coinvariant ring of K, and we define the relative coinvariant ring to be the quotient ring
The non-modular case is |W| ∈ k * , the modular case is char k divides |W|. The following is a result that is classical in the non-modular case, and is shown in [21, Theorem 2.20] We need the notions of Jordan type, and strong Lefschetz Jordan type. Recall that a partition P of n is a sequence (p 1 , p 2 , . . . , p k ) satisfying p 1 ≥ p 2 ≥ · · · ≥ p k and p i = n; the Ferrers graph of P is the arrrangement of n dots in left-justified lines, with p i dots in the i-th row (for us, from top). The conjugate partition P ∨ to P is that whose Ferrers graph is obtained by switching rows and columns in the Ferrer's graph of P. For example, the conjugate partition to P = (4, 4, 3, 1, 1) is P ∨ = (5, 3, 3, 2). Definition 1.3. Suppose ℓ ∈ m A is an element in the maximal ideal of an Artinian algebra A of length dim k (A) = n. We denote by m ℓ : A → A the map, multiplication by ℓ, which is nilpotent. The Jordan type P ℓ of ℓ is the partition of n giving the Jordan block decomposition associated to the similarity class of multiplication m ℓ on A. If A is graded, an element ℓ ∈ A 1 is strong Lefschetz if P ℓ = H(A) ∨ where H(A) ∨ is the conjugate partition to that given by the Hilbert function H(A) (for this H(A) must be rearranged as a partition-see equation (2.1) ). An element ℓ ∈ m A for A standard graded is said to be of strong Lefschetz Jordan type (SLJT) if its Jordan type P ℓ = H(A) ∨ ( [19, Definition 2.34]). The generic Jordan type of a graded algebra A is that determined by a generic element of m A . The generic Jordan type of a local algebra A is that of a generic element of the maximal ideal m A .
Recall that a finite-length k[ℓ] module A of Jordan type P ℓ = P may be written as a direct sum of linearly disjoint submodules, each the k-span of a "string" S i = g i , ℓg i , · · · , ℓ p i −1 g i (Definition 2.2).
Example 1.4. In the graded complete intersection algebra A = k[x, y]/(x 2 , y 3 ) of Hilbert function H(A) = (1, 2, 2, 1), the Jordan type P x = (2, 2, 2) because of the strings 1 → x; y → yx; y 2 → y 2 x; but the generic Jordan type is P ℓ = (4, 2) for ℓ = x + y, because of the linearly independent strings 1 → ℓ → ℓ 2 → ℓ 3 and x → xℓ that decompose A.
In a previous paper, three of the present authors showed that the generic Jordan type of a free extension is at least as large as the generic Jordan type of the tensor product of the base and the fiber [21, Theorem 2.12] . This result can be used to show that if the base and fiber of a free extension both have symmetric Hilbert functions and are strong Lefschetz, then the extension also is strong Lefschetz [21, Theorem 2.14], a result due originally to T. Harima and J. Watanabe, in characteristic zero [13, Theorem 6.1] . On the other hand, they also found Example 3.5 below, of a pair of groups K ⊆ W for which R W is a free extension with base R K W where both R W an the fiber R K are strong Lefschetz, but whose base, the relative covariant ring A = R K W , is not strong Lefschetz. However, a general enough non-homogeneous element ℓ in the maximal ideal m A of A = R K W does have strong Lefschetz Jordan type! We conjecture that all similar relative coinvariant rings have this property: Conjecture 1.5. Let k be an arbitrary field. If K ⊂ W both have polynomial invariant rings (e.g. K and W are generated by reflections with |K|, |W| ∈ k * ), then the relative coinvariant ring R K W has strong Lefschetz Jordan type: there exists a (possibly non-homogeneous) element ℓ ∈ (R K W ) + which has SLJT. The examples we give in Section 3.1 are consistent with the conjecture, so far as we have calculated them.
It is a well known fact that a graded Artinian Gorenstein (AG) algebra R/I is completely determined by a single homogeneous polynomial in the dualizing module of R, called its Macaulay dual generator (Lemma 2.11). Question 1.6. Suppose that A, B, and C are graded Artinian Gorenstein, and C is a free extension with base A and fiber B. What is the relationship between the Macaulay dual generators of A, B, and C? For example, if A and B are graded Artinian Gorenstein algebras with Macaulay dual generators E and G, respectively, can we construct using E, G and some further information, a Macualay dual generator F for a free extension C?
In characteristic zero, R. Steinberg has shown that the Macaulay dual generator of the coinvariant ring of a finite reflection group W is equal to the product of powers of the defining polynomials of the reflecting hyperplanes of W (Proposition 3.16).
Our study of the graded AG free extensions C of k[t]/(t n ) with fiber an AG algebra B, in which we explicitly relate the dual generators of A, B, C, answers the question in a special case. We compute other examples arising from invariant theory from which we hope to extrapolate at least a partial answer for Question 1.6. 
Overview.
In Section 2 we state results concerning Jordan type and Lefschetz properties that are relevant to studying rings of relative coinvariants. In Section 2.3 we give a new proof that when the Hilbert functions H(A) and H(B) are symmetric, then the strong Lefschetz property for A ⊗ B implies that for A and B (Theorem 2.12). We include an example of J. Watanabe showing that the hypotheses of symmetry are necessary for the conclusion (Example 2.14). In Section 2.4 we first resume properties, examples of and open problems about free extensions. Using that a free extension is a deformation of a tensor product, some results concerning Jordan type for tensor products extend to free extensions C of A with fiber B. In particular it is well known that H(A) and H(B) symmetric and strong Lefschetz imply C is strong Lefschetz (Proposition 2.20), but we provide a counterexample Example 2.21 showing that the converse is false: B and C may be SL, and A may have a symmetric Hilbert function, but not be strong Lefschetz.
In Section 3.1 we study rings A = R K W of relative coinvariants, and in particular the properties of unimodality of Hilbert function and Jordan type. In Theorem 3.2 we show that if a reflection subgrouop K of a non-modular finite reflection group over a field k is not parabolic, then the relative coinvariant ring R K W cannot have the strong Lefschetz property. We then give examples where the relative coinvariant ring A is not strong Lefschetz, but has non-homogeneous elements of strong Lefschetz Jordan type (as Proposition 3.6). We study in Section 3.2 several infinite sequence A(m, n) = R A i be a graded Artinian algebra. We say that a linear form ℓ ∈ A 1 is strong Lefschetz if for every pair of integers i and k, the multiplication maps As mentioned earlier, for any element ℓ ∈ m A (possibly non-homogeneous) the associated multiplication map ×ℓ : A → A is nilpotent, hence one can compute its Jordan canonical form, which is completely determined by its block sizes. The Jordan type P ℓ of ℓ is the partition of the integer n = dim F (A), whose parts are the block sizes in the Jordan canonical form of the associated multiplication map, arranged in non-decreasing order. We will write this as
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We may also regard the Hilbert function of A, H(A), as defining a partition of n = dim F (A). The conjugate partition of the Hilbert function of A is the partition H(A) ∨ = (m 1 ≥ · · · ≥ m r ) with parts whose sizes are given by
The Ferrers diagram for a conjugate partition P ∨ is obtained by switching rows and columns of the Ferrers diagram for P.
In general, given two partitions P = (p 1 ≥ · · · ≥ p r ) and Q = (q 1 ≥ · · · ≥ q s ) of the same number n, we say that Q dominates P, and write P ≤ Q, if
This defines a partial order on the set of partitions called the dominance partial order.
Definition 2.2 (Strings of multiplication by ℓ).
When ℓ is an element of m A (so nilpotent) acting on an Artinian A-module M, we can regard M as a T = k[t]-module, where t acts by multiplication by ℓ. When the partition P ℓ = P = (p 1 , p 2 , . . . , p r ) with p 1 ≥ · · · ≥ p r we may write M as the direct sum
3) Here we are denoting by S i a choice -determined by ℓ and the generator m i -
We will term each S i a string of the action of ℓ on M. We may choose each m i homogeneous, but if ℓ is not homogeneous, ℓ a m i need not be homogeneous for a ≥ 1.
The direct sum decomposition of equation (2.3) is not unique, given ℓ, but the lengths P ℓ are unique, and once the cyclic submodule S i is fixed, there is at most one basis element of S i in any fixed degree. See also, in the homogeneous case, [10, Lemma 3.31] .
We for convenience state and give a brief proof of the following lemma, the special case for an Artin algebra A of [19, Theorem 2.19ii ]. Recall that a graded algebra A need not be standard-graded. 
On the other hand, for each 1 ≤ i ≤ t define the set of indices
Let n i = #T i and note that
For each 1 ≤ i ≤ t and each integer j, define the new integer n(i, j) to be the number of times the integer j appears in the multi-set
Since no two elements of the same string have the same order (degree if ℓ is homogeneous), we see that 0
Thus we see that
Summing over all j, we get
which gives the desired result. iii. For each degree j and each integer i we have the equivalence
Next we relax the condition that ℓ ∈ m A be linear or even homogeneous. We denote by R = k{x 1 , . . . , x r } the local Artinian algebra whose generators have standard weights (1, 1, . . . , 1). Let A be a graded Artinian algebra A = R/I, and m A = A + , and denote by A = κ(A) the local algebra quotient of R determined by ideal generators of I regarded as elements of R when we replace w by the standard grading. We denote by κ the abstract isomorphism κ : A → A, induced by κ : R → R, the forgetful map forgetting the graded structure of R. We denote by A * the associated graded algebra A * = Gr m A (A). We grade Gr m A (A) by order of the elements (largest power of m A containing the element). The following is immediate from the definitions. Lemma 2.6. The homomorphism κ : A → A induces an identity
See Remark 2.7, Example 3.5 and Proposition 3.6.
Remark 2.7.
The partition P(H(A)) = (H(A))
∨ may be greater, or less than, or equal to The following result is shown in the appendix of [19] . 
Question. Assume that A is a graded algebra and the partition H(A) ∨ > H(A)
∨ for the related local algebra. Might we have a non-homogeneous element ℓ ∈ A having Jordan type P ℓ > H(A) ∨ in the dominance partial order?
Recall that we say an element ℓ ∈ m A has strong Lefschetz Jordan type (SJLT) if its Jordan type P ℓ = H(A) ∨ . Recall that there are non-standard graded Artinian algebras A which are not strong Lefschetz, but which have a (non-homogeneous) element of SLJT (as Example 3.5). However, we conjecture Conjecture 2.9. If A is a standard graded Artinian algebra and ℓ ∈ m A is an element of strong Lefschetz Jordan type, then there is a linear form ℓ 1 ∈ A 1 which has strong Lefschetz Jordan type
The Conjecture 2.9 is true under the additional assumption that H(A) is unimodal [19, Proposition 2.36] . Recall that a Hilbert function H(A) of finite length is unimodal if there is an integer c such that
, where j = j A , the highest socle degree of A.
Macaulay Duality
Let A be a graded Artinian algebra. By the socle of A we mean the ideal (0 : m A ) ⊂ A. The type of A is the k-dimension of its socle; if A has type 1, it is Gorenstein Artinian. Let A = R/I where R = k[x 1 , . . . , x n ] is a graded polynomial ring (not necessarily standard) and I ⊂ R is a homogeneous ideal of finite colength. Define another graded polynomial ring Q = k[X 1 , . . . , X n ] with a grading defined by deg(X i ) = − deg(x i ) for each i. We regard Q as a graded R-module where x i acts on F = F(X 1 , . . . , X n ) via the partial differentiation operator ∂/∂x i . We write g • F for the polynomial in Q that results from g ∈ R acting on F ∈ Q. Given polynomials F 1 , . . . , F k ∈ Q, we define the subset
it is the annihilator ideal of the Rsubmodule in Q whose generator-set is the span of F 1 , . . . , F k . For an arbitrary Artinian algebra A, recall that the socle degree j A of A is the largest integer j for which A j 0. Given an ideal I ⊂ R such that the quotient A = R/I is Artinian, we denote by When char k = p ≤ d we can obtain the analogous result using contraction in place of partial differentiation, see [18, Appendix A] .
We say that A is a Poincaré duality algebra if A j k where j = j A , and if for every degree 0 ≤ i ≤ j A the vector space pairing
is non-degenerate.
The following result of F.H.S. Macaulay is well known (see [7, p.527 ii. A = R/I where I = Ann R (F) for some homogeneous F ∈ Q of degree j, unique up to a k * multiple.
iii. A is a Poincaré duality algebra of socle degree j.
The polynomial F ∈ Q in Lemma 2.11 is called the Macaulay dual generator of A.
∨ , so ℓ is strong Lefschetz. Proof. The ⇒ implication, that A, B are SL with symmetric Hilbert functions implies C is SL, is well known and follows from the Clebsch-Gordan formula; see for example Proposition 3.66 in [10] or [13, Proposition 3.10] 4 We will prove the converse. Assume that C = A ⊗ k B has the strong Lefschetz property, and let ℓ C = ℓ A ⊗ 1 + 1 ⊗ ℓ B be a strong Lefschetz element for C. It suffices to show ℓ A ∈ A 1 must be a strong Lefschetz element for A, the argument for B being analogous. By way of contradiction, assume that ℓ A is not a strong Lefschetz element for A. First assume that the socle degree j A = 2m + 1 is odd, and that strong Lefschetz for ℓ = ℓ A fails in the middle degree, i.e.
Tensor Products
does not have maximum rank. Since the Hilbert function is symmetric, we must have dim F (A m ) = dim F (A m+1 ), hence failure of strong Lefschetz here implies that there is some non-zero element α ∈ A m such that ℓ · α = 0. Set γ = α ⊗ 1 ∈ C m . Note that γ is non-zero since α is non-zero. Then we have
which contradicts our assumption that ℓ C ∈ C 1 is strong Lefschetz for C.
Next we suppose that a = j A is arbitrary, and let i with 0
be the largest index for which the multiplication map ×ℓ a−2i : A i → A a−i is not an isomorphism. Then by the symmetry of the Hilbert function, there must be an element α ∈ A i for which ℓ a−2i · α = 0. Define the new algebra
Note that a ′ = 2(a − i) + 1 (the top degree of A ′ ). Also note that strong Lefschetz for the linear form ℓ
Note that β is non-zero since we are assuming that α is non-zero. Then we have
(the sum telescopes)
On the other hand, the argument above shows that ℓ C ′ cannot possibly be strong Lefschetz for C ′ since a ′ is odd and ℓ A ′ fails strong Lefschetz property in the middle degree. This shows our assumption that ℓ is not SL for A is false, and completes the proof of the Theorem.
The Hilbert polynomial p(A)(t) of a graded Artinian algebra A with Hilbert function H(A) of socle degree j is
where
The Hilbert polynomial of a local Artinian algebra A is defined similarly using 
So if char k = 0 or is at least m + n − 1, we have by strong Lefschetz in codimension two (see [19, Lemma 2.36] (1, 2) . The linear forms (x + y) ∈ A, (w + z) ∈ B each have Jordan types (2, 1), hence (after scaling) the generic enough linear form 2, 2, 1, 1) , by Lemma 2.13 and additivity. But H(A ⊗ B) = (1, 4, 4) with conjugate (3, 2, 2, 2), so A ⊗ B is neither weak or strong Lefschetz, but it is as "close" to strong Lefschetz as the algebra C from Example 2.14.
Socle type of a tensor product. (Soc(A) ). We specify the socle of a tensor product. 
Free Extensions.
The notion of free extension generalizes that of a tensor product, [10, §4. A sequence
is coexact if π is surjective and ker(π) = (ι(A + ))C, the ideal in C generated by the image under ι of positive degree elements of A, which we will sometimes denote by (ι(m A ))C. 6 We showed in [ (ii). The sequence (2.14) is coexact and ι : A → C is a free extension.
(iii). ι : A → C is a free extension and
The following result was originally shown by T. Harima and J. Watanabe [13, Theorem 6.1] using their theory of central simple modules. 7 It is also [21, Theorem 2.14] where it is proven as a consequence of [21, Theorem 2.12] , that a free extension of A with fiber B is a deformation of the tensor product A ⊗ k B, and the well known forward implication of Theorem 2.12). Recall that j A denotes the highest socle degree of A. 
. Assume that both H(A) and H(B) are symmetric, and that H(C) = H(A) ⊗ H(B) (or, equivalently, that the inclusion A → C preserves grading). If both A and B have the strong Lefschetz property, then so does C.
We next give an example of a free extension C of A with fiber B which has the strong Lefschetz property (so symmetric Hilbert function) while the base A has symmetric Hilbert function, but is not SL; the (usual) tensor product A ⊗ B is also not SL.
It is open whether the hypothesis H(A) and H(B) are symmetric can be removed in showing that the tensor product C = A ⊗ B of graded Artinian algebras is strong Lefschetz implies that both A, B are strong Lefschetz.
Example 2.21. Define C = R/(ê 1 ,ê 2 , e 3 ) and B = R/(e 1 , e 2 , e 3 ) and let π : C → B be the natural projection map. In the Shephard-Todd classification C = R W , W = G (3, 3, 3) and 1, 3) . 9 Taking new variables z 1 , z 2 , z 3 where deg(z i ) = i, we define
Here H(A) = (1, 1, 2, 1, 2, 1, 1) is not unimodal, so A is not strong Lefschetz. There is a map ι : A → C defined by ι(z i ) = e i where e i is the equivalence class of e i in C. Here B is a CI of generator degrees (1, 2, 3), and H(B) = (1, 2, 2, 1) so, having codimension two, B is strong Lefschetz. The algebra C is a complete intersection, of generator degrees (3, 3, 6) ; and H(C) = (1, 3, 6, 8, 9, 9, 8, 6, 3, 1) =
H(A) ⊗ H(B).
It is straightforward to show that k → A → B → C → k is a coexact sequence; since |A| = 9, |B| = 6 and |C| = 54 = |B|·|C| it follows from Lemma 2.19 that C is a free extension with base A and fiber B. By [10, Proposition 4.26] C is strong Lefschetz. Although A does not have the strong Lefschetz property, its element ℓ = z 1 + z 2 has strong Lefschetz Jordan type. The associated graded algebra Gr m A A, viewed with standard grading is 2, 2, 1, 1, 1, 1) . We have that the conjugate partition H(Gr m A (A)) ∨ = (7, 2); since Gr m A (A) has codimension two, so by strong Lefschetz in codimension two, a general enough element, here z 1 + z 2 has SLJT in Gr m A (A), hence the non-homogeneous element ℓ = z 1 + z 2 ∈ m A also has SLJT in A. Here ℓ has Jordan strings of length 7 and 2:
However, we note that a generic linear element of A ⊗ k B has Jordan type A proof of the following result is in a preprint by L. Smith and R. Stong [35] , see also [33, Theorem 5] .
Proposition 2.23. Let A, B, and C be graded Artinian algebras, and suppose that C is a free extension with base A with fiber B. If any two of A, B, C are Gorenstein then the other is also Gorenstein.

Question. Suppose that C is a free extension of A with fiber B, and that two of A, B, C are complete intersections, under what further conditions is the third a CI?
There is a partial result in [21, Theorem 2.6]. 10 The following is a natural question: has the strong Lefschetz property for geometric reasons, and we expect this to hold for all Coxeter groups. On the other hand, we show in Example 3.5 that not every complex reflection group W has the property that the relative coinvariants for every parabolic subgroup of W is strong Lefschetz. In Proposition 3.6 we show that for W = G(m, m, n), K = G(m, m, n − 1) the relative coinvariant ring is not strong Lefschetz, but has an element of strong Lefschetz Jordan type (SLJT).
In Section 3.2 we study the relative coinvariant rings A(m, n) determined by K = S n , the symmetric group as subgroup of W = G(m, 1, n), first giving examples of A(3, 3) and A (3, 4) , then in Remark 3.10 we specify the Hilbert polynomial of A(m, n) and note that it counts certain restricted partitions of integers j (m n partitions in all), studied by G. Almkvist and others. We note that the study of the ring A(m, n) is connected to plethysm (Remark 3.13, then turn to Macaulay dual generators. After reporting the R. Steinberg result 3.16 connecting the dual generator for the coinvariant ring R W of a complex reflection group to the reflecting hyperplanes of W, we give dual generators for several of the relative coinvariant algebras A(m, 2) in Example 3.18, and for A (3, 3) 
Strong Lefschetz Properties and Jordan Type
To prove that the coinvariant ring R W of a finite reflection group has the strong Lefschetz property, one could try the following strategy using free extensions and induction on the rank of W (dimension of the vector space on which W acts). First, strong Lefschetz is known for coinvariant rings of rank one reflection groupsthese rings have the form k 
of Hilbert function H(A) = (1, 0, 1). Since deg(t) = 2 the ring A = R K W has no linear elements, so is not strong Lefschetz, although the coinvariant rings R W , R K , having codimension two, are each SL. However t = xy ∈ A is an element of strong Lefschetz Jordan type P t = 2 in A. The Macaulay dual generators of A, B, and C are, respectively T , X [2] −Y [2] , and the product T (X [2] −Y [2] ). In the Shephard-Todd classification [32] W = G(2, 1, 2) and K = G(2, 2, 2). Given a reflection group W ⊂ Gl(V), a subgroup K ⊂ W is called parabolic if it is the stabilizer subgroup of some subspace H ⊂ V, so K = Stab(H) = {w ∈ W |w(h) = h, ∀ h ∈ H }. Parabolic subgroups are always generated by reflections (R. Steinberg [ 
. Then we have mapsτ : A → C and π : C → B. The Hilbert polynomial of R G H is the quotient of Hilbert polynomials:
.
It follows from Lemma 2.19 that
Let ℓ ∈ C 1 be any linear form, and note that ℓ =τ(ℓ A ) for some ℓ A ∈ A 1 . Then since C is an A module, the map ×ℓ a+b : C 0 → C a+b must have rank zero as a + b > a. This implies that C cannot have the strong Lefschetz property. Remark 3.3. Over R, the reflection groups W ⊂ Gl(V) that preserve a lattice L ⊂ V are called Weyl groups, and these groups are associated to certain smooth complex projective algebraic varieties the flag varieties G/B. Furthermore, every parabolic subgroup K ⊂ W of a Weyl group is associated to another smooth projective algebraic variety called a partial flag variety G/P (e.g. a Grassmannian variety). A classical result of Borel [6] states that the coinvariant ring of a Weyl group R W over the ground field k = Q is isomorphic to the cohomology ring of its associated flag variety H * (G/B, Q) with coefficients in Q (see also [5, Proposition 1.3]). It was further shown by Bernstein-Gelfand-Gelfand [5, Theorem 5.5] that the cohomology ring of the partial flag variety H * (G/P, Q) with coefficients in Q can then be identified with the relative coinvariant ring R K W over k = Q. On the other hand, the hard Lefschetz theorem in algebraic geometry implies that the cohomology ring H * (X, Q) of any smooth complex projective algebraic variety X has the strong Lefschetz property. This implies that for any Weyl group W and parabolic subgroup K ⊂ W, the relative coinvariant ring R K W has the strong Lefschetz property over k = Q, and hence over any field of characteristic zero.
Remark. For more on real reflection groups, also known as Coxeter groups, we refer the reader to J.E. Humphrey's book [15] . A thorough discussion of the connection between Weyl groups and flag varieties is in T. Springer's book [36] . For a discussion of the hard Lefschetz theorem for Kähler manifolds (of which smooth complex projective varieties are a subclass), see Huybrechts' book [16] or Griffiths and Harris' [9] . The identification of the coinvariant ring and the relative coinvariant ring with the cohomology rings of the full and partial flag varieties is given in the paper [5] of I.N. Bernstein, I.M. Gelfand, and S.I. Gelfand. Finally there is a subtlety we wish to point out: the definition of parabolic subgroups that we gave above is the one traditionally given for complex reflection groups, e.g. [24, Definition 9.1]. On the other hand, for real reflection groups, a parabolic subgroup is usually defined to be a subgroup that is generated by some subset of a fixed set of minimal generating reflections. It turns out that these two notions are equivalent, as shown in a paper by D.E. Taylor We conjecture that every real reflection group should give an affirmative answer to Question 3.4. Note that in Example 3.1, W is a real reflection group, but K ⊂ W is not parabolic. The next example shows that we should not expect an affirmative answer to Question 3.4 for all complex reflection groups. 12 Let k = C, and let
Here W is the complex reflection group called G (3, 3, 3) in the Shephard-Todd classification [32] . Let K = G(3, 3, 2) ⊂ W be the parabolic subgroup that fixes the last coordinate, so K is the semidirect product
Each of W and K acts on R = C[x, y, z] in the obvious way, and their invariants are given by
, the local algebra of Definition 2.5,
A vector space basis for
, where deg(b) = 2 and deg(c) = 1, so its Hilbert function is H (A) = (1, 1, 2, 1, 2, 1, 1) , which is symmetric, but not unimodal. So R K W cannot have the strong Lefschetz property. However, the non-homogeneous element ℓ = b + c has Jordan strings
with grading w(a, b, c) = (1, 1, 1) (Definition 2.5 and Lemma 2.6) has Hilbert function H(A) = (1, 2, 2, 1, 1, 1, 1 
We can generalize Example 3.5. Recall that for m = pq the complex reflection group G(m, p, n) is the subgroup of Gl(n, C) generated by the permutation matrices and the subgroup T of all diagonal matrices diag(λ 1 , . . . , λ n ) where each λ i is an m-th root of unity, and (
, the semidirect product of T and the permutation group S n [30, Remark 7.13], [32] . We will denote by e i,k = e i (x 1 , . . . , x k ) the elementary symmetric functions in x 1 , . . . , G(m, m, n − 1) ⊂ G(m, m, n) . The corresponding relative coinvariant ring is n−1 , . . .ê n−2,n−1 , e n−1,n−1 , x n ]/ ê 1,n ,ê n−1,n , e n,n   A = k[a 1 , . . . , a n ]/J where a 1 =ê 1,n−1 , . . . , a n−1 = e n−1,n−1 , a n = x n and J = (a 1 + a m n , a 2 + a 1 a m n , . . . , a n−2 + a n−3 a m n , a m n−1 + a n−2 a m n , a n−1 a n ).
(3.1)
The local ring A = κ(A) of Definition 2.5 is
The graded ring A satisfies Proof. Using the same technique as in Example 3.5 we are able to establish an isomorphism between the non-standard graded ring A and the local ring A. By Definition 2.5 and Lemma 2.6 we have A κ(A) which we simplify as follows: . . . e n−2,n = a n−2 + a n−3 a m n .
n . For i = n, e n,n = x 1 · · · x n = e n−1,n−1 x n = a n−1 a n . This shows equation (3.1). We can reduce this ring by one variable using the relation a 1 + a m n which results in the following ring:
A k[a 2 , . . . , a n ]/(a 2 − a 2m n , . . . , a n−2 + a n−3 a m n , a m n−1 + a n−2 a m n , a n−1 a n ).
We can proceed using similar relations until we obtain the local ring B in two variables of equation (3.2) . Since B has codimension two it is strong Lefschetz, with SL element ℓ ′ = a n−1 + a n ∈ B. Thus the non-homogeneous element ℓ = e n−1,n−1 + x n in A = k[x 1 , . . . , (1−t) n , we have
of socle degree (n − 1)(m − 1) and length mn. This shows (3.3).
Thus, all of these Hilbert functions H(A) are non-unimodal (when both m, n ≥ 3) and have the form H (A) = (1, . . . , 1, 2, 1, . . . , 1, 2, 1 , . . . , 1).
Examples: (Original Example 3.5): H(k[V]
G (3, 3, 2) G (3, 3, 3) 
G (4, 4, 2) G (4, 4, 3) 
G (5, 5, 2) G (5, 5, 3) ) = (1, 1, 2, 1, 2, 1, 2, 1, 2, 1, 1); (Increasing n): H(k [V] G (3, 3, 3) G (3, 3, 4) 
G (3, 3, 4) G (3, 3, 5) ) = (1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1, 1) ; (Both increasing): H(k [V] G (4, 4, 4) G (4, 4, 5) ) = (1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1, 1) . 
Relative coinvariant rings A(m, n) and SLJT.
Here are some more examples of infinite families of relative coinvariant rings that (sometimes) have non-homogeneous elements of strong Lefschetz Jordan type. The ring A(m, n) is the relative coinvariant ring R K W with K = S n , the symmetric group, and W = G(m, 1, n). We begin with A(3, 3) .
Then W is the complex reflection group G (3, 1, 3) . Let K = S 3 ⊂ W, let e i = e i,3 be the i-th elementary symmetric polynomial in the variables x 1 , x 2 , x 3 , and denote byê i,3 be the i-th elementary symmetric polynomial in x 
and
(e 1 , e 2 , e 3 ) .
The relative coinvariants are thus given by, letting a = e 1 , b = e 2 , c = e 3 ,
(the last equality was computed using the relations in Example 2.21 
(1−t 3 )(1−t 6 )(1−t 9 ) (1−t) 3 (1−t)(1−t 2 )(1−t 3 ) (1−t) 3
The Hilbert function is H(R K W ) = (1, 1, 2, 2, 3, 3, 3, 3, 3, 2, 2, 1, 1). The local ring κ(A) has embedding dimension two, so A has a non-homogeneous element of SLJT. However, a straightforward calculation shows that ℓ = a is a (homogeneous) element of A with strings having cyclic generators {1, b, b 2 }, and that P ℓ = (13, 9, 5) = H(A) ∨ , so a is a strong Lefschetz element for A. A(3, 4) ). Similar to Example 3.8, we take W = G(3, 1, 4), i.e. The relative coinvariant ring is given by
Example 3.9 (Ring
As before, the Hilbert polynomial can be computed as
(1−t 3 )(1−t 6 )(1−t 9 )(1−t 12 ) (1−t) 4 (1−t)(1−t 2 )(1−t 3 )(1−t 4 ) (1−t) 4
Its Hilbert function is 
Its length |A(m, n)| = m n and its Hilbert polynomial is, letting N = (m − 1)
This polynomial has a combinatorial interpretation: it is the generating function for the number of partitions c(m, n, j) of j into at most n parts, and whose number of parts of any given size does not exceed m − 1. Such restricted partition functions have been studied extensively in combinatorics, e.g. [1] [2] [3] 39] . In particular, G. Almkvist conjectured in 1985 [1] :
Conjecture 3.11. For fixed m, the polynomial p(A(m, n), t) has unimodal coefficients for all n sufficiently large.
This conjecture has been verified by G. Almkvist [3] for values of m, 3 ≤ m ≤ 20, and also m = 100 and m = 101. He notes that it had been shown for m = 2 and all n in several ways [14, 31] ; and by the Note at end of Remark 3.13) A(2, n) satisfies strong Lefschetz for all n. So we extend this conjecture in the obvious way: For the general approach, we now have plethysms written in terms of monomials. We wish to write them in terms of Schur functions, which are relatively easier to write in the ring of elementary symmetric functions. Let s λ denote the Schur function, where λ is a partition of n.
Schur functions can be written in terms of monomials m µ as µ⊢|λ| K λ µ m µ where K λ µ is the number of semistandard Young tableau of shape λ and content µ, also known as Kostka numbers.
Unfortunately, there's no general formula for Kostka numbers. But when we know specific Kostka numbers, we can write these plethysms in terms of the elementary symmetric functions {e i }.
For example, s (2,1,1) = m (2,1,1) +3m (1,1,1,1 Here p(A(m, p, n), t) is the generating function for the number of partitions c(m, p, n, j) of j into at most n parts, where each part is either a multiple ip (for 1 ≤ i < n) or is n, and whose number of parts of any given size does not exceed k − 1.
Question. Do these algebras have (non-homogeneous) elements of SLJT?
Remark 3.15. During the writing of this manuscript, Conjecture 3.12 was addressed by a work group at a Workshop on Lefschetz Properties at C.I.R.M. Levico, in which the first author participated. We refer the reader to a forthcoming report.
Macaulay dual generators.
Let W ⊂ Gl(V) be a finite reflection group. Let R(W) ⊂ V denote the set of reflecting hyperplanes of W, i.e. the set of codimension one fixed subspaces associated to W. For each hyperplane H ∈ R(W), the parabolic subgroup Stab(H) ⊂ W of order e H is necessarily a reflection subgroup generated by a single reflection s H ∈ Stab(H). Then for each H ∈ R(W), choose and fix a non-trivial eigenvector L H ∈ V for the reflection s H , i.e. 
